M.Sc.-1l (Mathematics) (New CBCS Pattern) Semester - IV
PSCMTH16 - Dynamical Systems

P. Pages : 2 GUG/S/23/13767
’ [ALIIAIAA A

Time : Three Hours

Max. Marks : 100

Notes: 1.  Solve all five questions.

b)

d)

d)

2. All questions carry equal marks.

UNIT -1
Let the function f: W —E be Cl. Then prove that f is locally Lipschitz.

Leta C map f: W — E be given. Suppose two solutions u(t), v(t) of xt=f (x) are
defined on the same open interval J containing to and satisfy u(ty)=v(ty) then prove
that u(t)=v(t) forall tel.

OR
Let WcE beopen, Letf: W—E bea ct map. Let y(t) be a solution on a maximal
open interval J=(co,B) <R with B <oo. Then prove that given any compact set K< W,
there is some t e (a,B) with y(t) ¢ K.

Prove that Q isan opensetin RxW and ¢:Q — W is a continuous map.

UNIT — 11

Discuss the motion of pendulum moving in a vertical plane as an example of non-linear
sink.

Let X be an isolated minimum of V. Then prove that X is an asymptotically stable
equilibrium of the gradient system x'=—gradV(x)

OR
There exists 5> 0 such that if U is the closed ball Bg (O) < W, then prove that for all
z=(x,y)eCNU,
a)  (x.f(xy))-(y.f2(x,y))>0 if x=0 and

b)  There exists o.>0 with (f(z),z) 2|z 2

Prove that Let VV:W —>R be a C? function (that is, DV : W —E* is C*, or V has
continuous second partial derivatives) on an open set W in a vector space E with an inner
product.

i) X isan equilibrium point of the differential equation x'=—grad V(x) iff
DV(X)=0
ii) If x(t) is asolution of x'=—grad V/(x), then %V(x(t)) = —|grad V(x(t))|2

iii) If x(t) is not constant, then VV(x(t)) is a decreasing function of t.
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b)

d)

b)

d)

UNIT — 11

Prove that
i) If xand z are on the same trajectory, then L, (x)=Lw/(z), similarly for a - limits.

if) If Disaclosed positively invariant set & Z< D, then L,, (z) c D , similarly for
negatively invariant sets & o — limits.

Prove that let S be a local section at 0 & suppose ¢y, (zo)=0. There is an open set

U < W containing z, and a unique C! map t:U —>R such that t(z9)=to and
¢T(X)(x)eS forall xe U

OR

Prove that a non empty compact limit set of a ct planar dynamical system, which
contains no equilibrium point, is a closed orbit.

Prove that every trajectory of the Volterra - Lotka equations
X' =(A— By)x, y'=(cx—D)y, A, B,C,D>0isaclosed orbit (except the equilibrium

Z and the coordinate axes).
UNIT - IV

Let y be an asymptotically stable closed orbit of period A.. Then prove that y has a
neighborhood U — W such that every point of U has asymptotic period A .

Let g:Sg —S be a Poincare map for y, Let x €Sy be such that '™ _ g"(x)=0. Then
prove that 1™ _ d (o (¥), v)=0

OR
Let A:J— L(E) be a continuous map from an open interval J to the space of linear
operators on E. Let (to, uo) e JxE. Then prove that the initial value problem

x'=A(t)x, x(tg)=ug has a unique solution on all of J.

Let O <E be asink for a C* vector field f : W — E where W is an open set containing O.
There exists an inner product on E, a number r > 0, and a neighborhood n < v(w) of f such

that the following holds: for each gen there is a sink aza(g) for g such that the set
B, ={x € E| | x|< r} contains a, is in the basin of a, and is positively invariant under the
flow of g.

Explain dynamical system with example.

Define
i)  Stable equilibrium i)  Asymptotically stable.
Explain growth rate of the population at time t.

Define structural stability.
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