M.Sc.-l1 (Mathematics) (New CBCS Pattern) Semester - |
PSCMTHO5(B) - Ordinary Differential Equations

GUG/S/23/13742
Max. Marks : 100
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> (ALIHAOAT

Time : Three Hours

Notes: 1.  Solve all five questions.
2. All questions carry equal marks.

UNIT -1

1. a) Letaj,a, beconstants, and consider the equation 10
L(y)=y"+ay’ +azy=0
If 1,1, are distinct roots of the characteristic polynomial P, where
p(r)= r? +agr+ap
Then show that the functions ¢, ¢, defined by
r. X
dr(x)=el”, gp(x) =e2”
are solutions of L(y)=0. Also show that if 1, is a repeated root of p, then the functions
d1, 9, defined by

d1(x) =T, ¢ (x) = xe'*
are solutions of L(y)=0

b)  Consider the equation 10

y'+ay'+a,y=0

where aj,a, are real constant such that 4a, —a12 >0.Let a+iB,a—ip (a,p real) be the

roots of the characteristic polynomial.

i)  Show that ¢;,¢, defined by
o1 () =" cosBx, ¢y (xX) =™ sinpx
are solutions of the equation

i) Compute w(¢y,¢,) and show that ¢;, ¢, are linearly independent on any interval 1.

OR
c) Letr,... ,Is be the distinct roots of the characteristic polynomial p, and suppose r; has 10
multiplicity m;(my+m, +....+mg =n). The n functions.
e* xeX .. xM11ghx.
e2X xe2X ... xM2-Lgr2X.
e'sX xe’s¥ ... xMs L glsX

are solutions of L (y)=0. Prove that the n solutions of L (y) =0 are linearly independent
on any interval I.

d)  Using the annihilator method find a particular solution of the equation y” + 4y =cosX. 10
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UNIT — 11

2. a) Letxgbeinl andlet ay,....... ,0;, be any n constants. Prove that there is almost one 10
solution ¢ of L(y) =0 on I satisfying
d(X0) =g, 0 (X0) = 02, 6" (xg) = 0ty
b)  Find two linearly independent solutions of the equation 10
(3x—1)2y" +(9x—3)y'—9y =0
For x> 1
3
OR
¢)  Letb be continuous on an interval I, and let dy,....... , 0, be a basis for the solutions of 10

L (y) =0 on I. Prove that every solution y of L(y)=Db(x) can be written as

where Vp is a particular solution of L(y)=b(x) and Cy,....... ,C,, are constants. Also,
show that every such v is a solution of L(y)="b(x), where the particular solution Yy is
given by

_ n X Wk(t)b(t) dt
V() kZ:lcbk(X)on W(og,r ) (O

d)  Find all solution of the equation 10
x2y”+2xy’—6y=0 for x> 0.

UNIT — 11
3. a) Suppose the equation M(X,y)+ N (x,y)y' =0 is exact in a rectangle R, and F is a real — 10
valued function such that ? = M,% =N in R. Prove that every differentiable function
X

¢ defined implicitly by a relation F(x,y) =C, (C = constant), is a solution of the equation
M(x,y)+N(x,y)y' =0, and every solution of this equation whose graph lies in R arises
this way.

b) 10

i)  Find the solution of y' = Zy% passing through the point (Xg,Yq) Where yg >0.
if)  Find all solutions of this equation passing through (Xg,0).

OR
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€c)  Suppose S is either a rectangle 10
[x—xg|<a,|y—Yo|<b, (a,b)>0)
or astrip
[x—=Xg|<a,|y|<®, (a>0),
and that f is a real — valued function defined on S such that of / oy exists, is continuous on

S, and <Kk, ((x,y)ins), for some k>0. Then prove that f satisfies a Lipschitz

%(x,y)

condition on S with Lipschitz constant k.

d)  Consider the problem 10
y' = y+7»x2 siny,y(0) =1,
where % is some real parameter, [A|<1.
i) Show that the solution y of this problem exists for |x| <1
i) Prove that

‘w(x)—ex <[ -1y
For |x|<1.
UNIT - IV
4. a) Solve the equation y" =f(y,y’), where f is a function independent of x. 10
b)  Forany two vectors y =(Y1,Y2,....; Yp) and z=(zq,......,2,y) in C,, define the inner 10

product y — z to be the number given by
YZ=Y1Z+......+YnZp

i) Showthat z-y=(y-z)

i) Show that (Y1 +VY2)-2=(y1:2)+(y2-2)

iii) Show that if C is a complex number
(cy)-z=c(y-z)=y-(c-2)

iv) Show that ||y||2 =y-y
OR
c)  Consider the system 10
y1=3y1+Xy3,
Y2 =Y2+x%y3,
Y3 =2xy1-yz +e*y3

Show that every initial value problem for this system has a unique solution which exists
for all real x.
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d)

b)

d)

Let a4,.....,a, b be continuous complex — valued functions on an interval | containing a 10
point Xg. If ay4,.....,a, are any n constants, then prove that there exists one and only one
solution ¢ of the equation

On | satisfying ¢(Xp) =aq, ¢'(Xg) =0lg,........ ,¢(”_1) (Xg) =a,

Find all solutions of the equation 5
y'-2y=1

Define: S)

i)  Homogenous linear differential equation of order n.
i)  Non-homogeneous linear differential equation of order n.
Find all real — valued solutions of the equation y' = x2y

Solve the equation y"+y'=1. 5
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